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We consider the spectrum of a Schrodinger operator in a multidimensio- 
nal cylinder perturbed by a shrinking potential. We study the phenomenon 
of a new eigenvalue emerging from the threshold of the essential spectrum 
and give the sufficient conditions for such eigenvalues to emerge. If such 
eigenvalues exist, we construct their asymptotic expansions. 
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Introduction 

Let be an open connected domain in M"~^ with an infinitely smooth boundary if 
n > 3 and be a finite interval as n = 2. We denote 11 = f2 x (— cx), oo). By —Ad we 
indicate the Dirichlet Laplacian in L'^ijl) with domain 11^(11), where Hq(II) is a 
subset of the functions in H'^iU.) vanishing on the boundary of 511. It is known that 
its spectrum a^—Aj)) consists only of its essential part ae{—Ax>) = [fj,o,oo), where 
Ho is the minimal eigenvalue of Laplacian — in L^(f2) with the domain Hq{Q). 
By the essential spectrum ae{A) of an operator A we mean the set of A so that 
there exists a bounded noncompact sequence Un G Vj^ satisfying the convergence 
{A — XI)un — > as n ^ cxD. 

In |DE| they considered the Schrodinger operator 

Hh = -Av + hV, 

in i^^(n) with the domain Hlili), where < /i <^ 1 was a small parameter, and 
the potential V{x) was supposed to be measurable and bounded in 11, and 



\x\\V\<i^l) < 



oo. 



Hereinafter 

(5') := / g{,x)dx, 



n 
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and 00 is a normalized eigenfunction of — associated with the minimal eigenvalue 
/io of — A^. It is known that 0o can be chosen real- valued. Applying Birman- 
Schwinger principle, it was shown that for h small enough the operator has the 
unique isolated eigenvalue e{h) below /io if and only if 

{Vcg) < 0, (1) 

or 

{V<Pl) = 0. (2) 

If the inequality ^ or the equality ([2]) hold true, the asymptotic expansion of e(/i) 
was obtained. In particular, if the inequality ^ holds, it was shown that 

e{h)=fio-^{V(^iy + 0{h'), h^O. (3) 

The axisymmetric case with a potential depending nonlinearly on a parameter 
h was studied in |BCE| . It was shown that the next terms of the expansion of the 
potential with respect to a small parameter have an influence on the necessary and 
sufficient conditions for an eigenvalue to emerge. 

In the present paper we study the perturbation of a quantum waveguide by 
a potential which depends on the parameter h as follows. As — > 0, its support 
shrinks to a point, while the values of the potential can increases unboundedly. 
Employing the results of |G1| . |G2| . we obtain the sufficient condition for both 
the presence and absence of an eigenvalue emerging from the threshold of the 
essential spectrum. In the former case we construct the two-terms asymptotics for 
the emerging eigenvalues. 

1 Main results 

Without loss of generality we assume that the domain 11 contains the origin. 
We study the perturbed Schrodinger operator 

n'' = -Av + h-'^Vh, 

in i^^(n) with the domain i/g (H), where a < 1 is a fixed number, Vh{x) = V (|) , V 
is a piecewise continuous bounded in function with a compact support, which 
can be complex-valued. By analogy with |BG| on can show that the operator TC'^ is 
closed and aeiH^) = [/io, oo). Since the function V is complex- valued, the operator 
TC^ is non-self-adjoint. 

It follows from the definition of the potential, that its support shrinks to a 
point as /i ^ 0, while the values increasing unboundedly (as a > 0). It is clear 
that it is impossible to reduce by a change of the variables the eigenvalue problem 
oin'' to that oiHh. 
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Denote 

f3n{h) = h^\lnh\, n = 2, 
Pn{h) = h, n> 3. 

The main result of the paper is following theorem. 
Theorem 1.1. Let a < 1. If 

Re (V) > 0, 

then the operator Ti'^ has no eigenvalues converging to Hq. 
If 

Re (V) < 0, (4) 

then the operator TC'^ has a unique, and, in addition, simple eigenvalue converging 
to jJiQ. Moreover, its asymptotics reads as follows 

e{h) = /.o ^ (0^(0) (V))' (1 + 0{h + h-'^PM)) ■ (5) 

The formulas ([5]) is an analogue of the formula ([3]) and implies that the eigenvalue 
converging to /xq lie outside aeiH^). For the real- valued function V the condition 
(111) obviously becomes 

(V) < 0. (6) 

The conditions (l4|) are (I6|) are analogues of 

For the operator an analogue of critical case ([2]) is the identity 

Re (V) = (7) 

(which is 

(V) = 

for real- valued potentials V). However, while the operator Hh has an eigenvalue 
converging to /xq in the critical case ([2]), it will follow from the proof of Theorem ll.il 
that the critical condition ([7]) is not sufficient for the existence of an eigenvalue of 
converging to /iq as a < 0. 

In the concluding section we show that the same situation occurs for the strip 
in the critical case (Il|) as < a < | (cf. Remark ISTTll . 

Remark 1.1. In the proof of Theorem 11.11 we employ substantially the results of 
|G2| . Moreover, these results allow us to consider not only real- valued potentials 
V, but also complex-valued ones. This is the reason why we consider complex- 
valued potentials V. In particular it means that the perturbed operator is not 
necessarily self-adjoint. 
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2 Preliminaries 



In |G2| the operator 

He = -Av + eCe, 

was considered, where < £ ^ 1 is a small parameter, and is an arbitrary 
localized operator of second order (not necessarily symmetric). Namely, Ce '■ Hf^^ijl) 
L^(n; Q), where Q is a fixed bounded domain lying in 11, and 

L2(n; Q) ■.= {u:ue L^{U), snpp u C Q}. 

The operator Le was assumed to be bounded uniformly in e, 

II A''^||L2(n) < C'i||-u||h2(q), (8) 



where C\ is a constant independent of e. By analogy with |BG| one can check that 
the operator H.^ in -^^(n) with the domain -ffo(n) is closed and oJ(H-^ = [/"o, oo). 

For small complex k we define a linear operator A{k) : L'^ijl; Q) Hf^^iJJ) as 
follows 

A{k)g:=^^ [ e-''^^--'-^Mt')9it)dt 

(9) 



2k 

n 

oo 



where x' = (xi, X2, Kj{k) = a/ fJ-j — /Wo + and Hj and are the 

eigenvalues of — and the associated eigenfunctions orthonormalized in 

We note that A{k) = 7lx>{^J.o — k"^) as Re A; > 0, where 7?.x)(A) is the resolvent of the 

operator — A©. We denote by / the identity mapping, and by IZvik) : -^^(11; Q) 

H^{Q) and Ti;{k) : L'^(Il;Q) — > L'^(Il;Q) we indicate the operators introduced as 

follows 

nvik)g ■.=A{k)g - ^ {g^^) , (10) 
%{k)g ■.=LeTiv{k)g. (11) 
The following results were obtained in (G2j . 
Theorem 2.1. For k small enough the equation 

2k + eJ^e{k) =0, (12) 

where 

J'e{k) = {Ml + eTe{k)r^Ce(t>o). 

has the unique solution k^. 

IfReke < 0, then the operator He has no eigenvalues converging to /iq. 

IfReks > 0, then the operator He has an eigenvalue converging to /io which is 
determined by the identity 

ee = fiQ- kl- (13) 
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The definition of the function J^ei^k) implies that for any N >2 the representation 

N-l 

= (00^00) + ^^(-l)''^-'' ((^oTi(A;)£,0o> + e''j^,,N{k), (14) 
holds true, where J^e,N{k) are holomorphic in k functions bounded uniformly in e. 



3 Proof of Theorem 1.1 



Before proceeding to the proof of Theorem 11.11 we prove an auxiliary statement. 
Let Q be a bounded domain with C^-boundary lying in 11 and containing the 
origin. By hQ we denote /i~^-fold contraction of a set Q. 

Lemma 3.1. For any function u G H'^ijl) the inequality 

\u\'dx<C,^lmn\\l^Q), (15) 

HQ 

holds true, where the constant C2 is independent of h. 

/foKasameAbcmeo. Let i? be a bounded set in R", n > 2, containing the origin. 
By H^{B) we denote the set of the functions in H"^{B) vanishing on dB. 

In ( |OIShl Ch. 3, §5, Lm. 5.1]) and |OSH| for n ^ 3 and n = 2, respectively, it 



was shown that for any function U G Hq{B) the inequality 

j \U\Mx < C3(3lih) j |V?7|Mx (16) 



hQ B 



holds true, where C3 is a constant depending on the domain B. This inequality is 
the corollary the Hardy inequality (see |K01| ). We choose B such that Q C B. 

It is well-known (see, for instance, [HI Ch. 3, §4, Thm. 1]) that for any function 
u G H^{Q) there exists a continuation U G Hq{B) such that 

||^||h2(B) < C4\\u\\h2(q), (17) 

where the constant C4 depends only on B and Q. 

By (UnD, jn]) for any function u G H^{Il) we derive the inequalities 

\u\'dx= J \U\'dx < Cs/3l{h) J \VU\Mx < C,Pl{h)\\U\\l.^j,^ 

hQ hQ B 

<ClC,(3lih)\\urH,^Qy 
The proof is complete. □ 
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We proceed to the proof of Theorem ll.li We denote 

e{h) := (18) 
The definition of [3n{h) yields that e{h) > and 

E{h) 0. 

It is also obvious that for /i > small enough there exists a function h{e) inverse 
to the function e{h) such that 

h{e) > 0, h{e) 0. 

In view of the definition (fTSll the perturbing potential of the operator can 
be represented as 

Let us show that the operator Ce defined as the multiplication by the function 



Cm :-- 



(19) 



satisfies the estimate ([8]), if we treat it as the operator from H'^{Q) to -^^(11; Q) 
In other words, 

-u < Cq\\u\\h^q), (20) 

L2(n) 



where Cg is a constant independent of h. 

Indeed, without loss of generality we can assume that the support of the 
function V lies in a bounded domain Q C 11. Then by Lemma 13.11 for each 
u G H^(Il) we consequently obtain 

2 



\Vh(x)u(x)\ dx 



V 



uix] 



HQ 



da; < max |V(x)| / \u[x)\ dx 

x&Q J 
HQ 



<C,Pn{h)MH^iQy 



n 



This inequality implies the estimate fl20l) . and therefore the estimate (|8l) for the 
operator defined by the identity ( fTOll . Hence, for the operator defined by ( fT9l) 
Theorem 12.11 holds true, where the operator %{k) in ([TTD is introduced as 

T,^h){^)g = p-\h)Vhnv{k)g. 

Together with (fT9l) and (fTSl) it follows that for any natural the identity ([T 
becomes 



N-l 



:F,{k) =(3-\h) {4>IVh) + 5^(-i)^7i-^" [H^H-RvikW [v^ 

\ i=i 



h<PO, 



(21) 
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Denote 



n-l 



q=l 

By direct calculations we check that 

hQ Q 

=/i"02(O) (V) + /i"+^20o(O) ($oV) + 
Q 



(22) 



(23) 



Lemma r3.il and the definition of the operator lZx){k) imply that for each function 
g G -^^^(11; Q) the estimate 

\\nv{k)g\\L2f^,,Q) < C2Pn{h)\\nv{k)g\\H^Q) < C2CnPnm9\\LHu) (24) 

holds true. 
We denote 



'M^hnv{k)y{Vh(po)) , Cv = max|V(x) 

Then by ^ and ((231) for j > 1 we have 

\\nv{k){VHRv{k)y-\VM 
<C2CnPn{h) ||0oV;.||^.(n) \\{VHRv{k)y-\VH(l)o) 
=C2Cnf3n{h) ||0oV,||^.(n) \{VHRv{k)y-\VM 

<■■■ 



L^{hQ) 

L2(n) 



Rv{k){VHRv{k)y-\VM 



(25) 



L-^{hQ) 



Together with (l23ll and (l24ll it implies that 

a, = 0{h-pi{h)). 



The number N in the estimate (l2TI ) is arbitrary that together with (l26l) . (l22 
and (fT8l ) yields 

£^,(A;) =/i"-- ((^2(0) (V) + /i20o(O) ($oV) + O (/i^ + h~''PM)) ■ 



(26) 



It follows by ([I2D that 

keih) = ^/i"-" (0^(0) (V) + h2U0) (<foV) + 0{h'' + h-'^PM)) ■ (27) 

And, finally, the last identity and Theorem 12.11 lead us to Theorem ll.li 

Remark 3.1. Let us consider the critical case (l7|) for a < 0. It follows from the 
identity ((27]) that if 

0o(O)Re(<l>oV) >0, 

then kir(^h) < 0, and therefore by Theorem 12.11 the operator has no eigenvalues 
converging to fiQ. 
If 

0o(O)Re(<l>oV) <0, (28) 

then the identity (i27l ) implies that k^(h) > and thus by Theorem 12. II the operator 
n'' has a unique, and, in addition, simple eigenvalue converging to /io- For the 
real-valued functions V the inequality (l28l) casts into the form 



00(0) ($oV) < 0, 



and by the identities (IzT]) and (|T3|) the asymptotics of the eigenvalue reads as 
follows 

eih) = ^0 - (0o(O) {%V)f (1 + Oih + h-'-'^PM)) ■ 

Critical case in the strip as < a < | 

Let us consider the case n = 2, 
where 

Vit2) 

In this case the identity (l22l) becomes 



1 as |t2| < 1 
as \t2\ > 1. 



[(PlVh) =2h^ (pliO) {vY + 2hMOWo{0) / vih)hdh + 0{h^), (29) 



n 



where 
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and by (l9|) and (fTOll the function Rx>{k)(yh4>o) reads as follows 

Rvik)(yh<po) =bo{x2;k)(l)o{xi) {vh4>l)' 

+ Y^b^{x2] k)^^^ {(t)jVh(pQ)' , 



where Vh{xi) = v{xih 

bo{x2; k) 



^ (1 -e-^^cosh(A;x2)) - , 



dxl 

dxl 
d?U 



dx\ 

f{xi) =Vh{xi) (0o(a^i) - 0o(O) - 0o(O)xi) 



(30) 



k\k^ ^" ; ' (31) 

hj{x2] k) =1 - e-^^^^^^co^\y{Kj{}z)X2), J > 1. 

In the case considered Q = x (—1, 1), is an interval (a;_,u;+), ±ci;± > 0. 
Denote Q/, := ^] x (-/i, h). It follows from ([30]) and ^ that 

II^^W(V.0o)||i.(g,) < C/if;^^^^^^. (32) 

,=0 

It is well-known that for the solution to the boundary value problem 

~ dxf ^ ^1^^' f/(t^±)=0 (33) 

the identity 

oo 



,=0 

holds true. Hence, by ( l32l) and the inclusion /iQ C Q/i 

||^i.(A:)(V,(/.o)||i2(,Q)<C/i||[/||i.(^). (34) 
We represent the solution to ( l33l) as 

[/ = f/o + f/i + ?7, 
where t/j and f/ solve the problems 
d^^n 



=i;ft(/)o(0), G t/o(u;±) = 0, (35) 

=i;ft0[,(O)xi, XiGfi, f/i(cu±) = 0, (36) 
=7, xi e f7(a;±) = 0, 



9 



By direct calculations we check that 

\\J\\hi^)=0{h'). 

Therefore, 

\\U\\lHn) = 0{h^). (37) 
The solution to (l36l) can be found explicitly, 

= -/i3(/)[,(0) j j viri)ridrjdC + h\{ci + c[h)xi + id, + d[h)), 

— oo — oo 

where ci, c'^^, (ii, and d[ are explicitly calculated constants. Hence, 

\\UA\l^(n) = 0{h'). (38) 

We choose v so that 

(t;)' = 0. (39) 

In this case the identity ^ holds true and also the solution to the boundary value 
problem (l35l) is as follows 

h C 

Uoixi) = -h^MO) J j viri)drid^ + h^{coXi + do), 

— oo — oo 

where Cq, and do can be also found explicitly. Therefore, 

\\Uo\\h^n) = 0{h'). (40) 
It follows from (BTIl-dlOD and (IMD that 



l|7^^(^)(v.0o)lli.(.Q) = 0(/i'). 

This identity, (l23|), and ([25]) imply 

O [Pi-\h)h-^) . (41) 



The number N in the estimate ( 1211 ) is arbitrary that together with (I4T11 . (129 
([I]), ([H]) and dSni) yields 

£j-,(A;) =/i3-" I 40o(O)(/)[,(O) y vit,)t,dh + O [h^- 
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forn = 2. It follows by ^ that 




) 



) 




n 



Then letting v = i/j and v = —ip we obtain that the quantity k^(^h) has different 
signs in these cases. Then by Theorem 12.11 in one case the eigenvalue exists, while 
in the other does not. 
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